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Vérifier formellement des réseaux de neurones

f ∶ Rn Ð→ Rm

x MatMul Add ReLu MatMul Add f (x)
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Quelles propriétés vérifier ?

Robustesse locale = la classification d’une entrée est la même pour une entrée ≪ proche ≫

⋮

v1,2

chat

chien

f ∶ Ð→ R2
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Quelles propriétés vérifier ?

Robustesse locale = la classification d’une entrée est la même pour une entrée ≪ proche ≫

⋮

v1,2

chat

chien

f ( ) = [ 2.4
17.2]
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Quelles propriétés vérifier ?

Robustesse locale = la classification d’une entrée est la même pour une entrée ≪ proche ≫

⋮

v1,2

chat

chien

f ( ) = [5.57
5.56]
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Quelles propriétés vérifier ?

Robustesse locale = la classification d’une entrée est la même pour une entrée ≪ proche ≫

⋮

v1,2

chat

chien

f ( ) = [5.57
5.56]

f n’est pas localement robuste

class(f ( )) ≠ class(f ( ))
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Quelles propriétés vérifier ?

Robustesse locale = ∀x′ ∈ Rn.∣∣x − x′∣∣ ≤ ε⇒ class(f (x)) = class(f (x′)) (x fixé)

∣∣x∣∣ = max
i

xi

∀x′.∣∣x−x′∣∣ ≤ ε, class(f (x)) = class(f (x′))

f robuste en x
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Quelles propriétés vérifier ?

Robustesse locale = ∀x′ ∈ Rn.∣∣x − x′∣∣ ≤ ε⇒ class(f (x)) = class(f (x′)) (x fixé)

∣∣x∣∣ = max
i

xi

∣∣y − ●∣∣ ≤ ε ∧ class(f (y)) ≠ class(f (●))

contre-exemple : f non robuste en y
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Comment vérifier cette propriété ?

Via différents prouveurs spécialisés :

modèle f

spécification φ

VNN-LIB

prouveur

Marabou [1]

SMT-based réponse
valide
invalide
indéterminée
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Comment vérifier cette propriété ?

Via différents prouveurs spécialisés :

modèle f

spécification φ

VNN-LIB

prouveur

PyRAT [2]

interprétation
abstraite

réponse
valide
invalide
indéterminée
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Comment vérifier cette propriété ?

Via différents prouveurs spécialisés :

modèle f

spécification φ

VNN-LIB

prouveur

abCROWN [3]

propagation linéaire
de bornes

réponse
valide
invalide
indéterminée
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Vérifier formellement des réseaux de neurones

Quelles propriétés vérifier ?

Comment les vérifier ?

prouveurs spécialisés

robustesse locale propriétés plus générales ?
⇓

robustesse basée sur la confiance

pas de support pour la robustesse
basée sur la confiance. . .

Preuve de concept existante [4]
Mais. . .

implémentation non générale
version antérieure de Marabou (bugs)
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Robustesse basée sur la confiance
Notion de confiance : mesure de la confiance sur la prédiction du réseau

→ seules les entrées dont conf(f (x)) > κ sont considérées

Ð→
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Vérifier la robustesse basée sur la confiance ?

Quelles propriétés vérifier ?
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robustesse locale propriétés plus générales ?
⇓

robustesse basée sur la confiance

pas de support pour la robustesse
basée sur la confiance. . .

Preuve de concept existante [4]
Mais. . .
∎ implémentation non générale
∎ version antérieure de Marabou (bugs)
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Vérifier la robustesse basée sur la confiance ?

Objectif : pouvoir spécifier et vérifier la robustesse basée sur la confiance

⇓

CAISAR

Questions de recherche :
∎ quels sont les verrous scientifiques pour le support de cette propriété dans les

outils actuels ?
∎ quelles solutions peuvent-être mises en place ?
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CAISAR [5]

CAISAR = Characterizing Artificial Intelligence Safety And Robustness
Plateforme pour la spécification et vérification de modèles d’apprentissage automatique
→ utilise des prouveurs externes pour la vérification
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CAISAR [5]

CAISAR = Characterizing Artificial Intelligence Safety And Robustness
Plateforme pour la spécification et vérification de modèles d’apprentissage automatique
→ utilise des prouveurs externes pour la vérification

modèle f
ONNX, nnet, SVM

spécification ψ transformations
f ′

φ

prouveur

valide
invalide
indéterminée
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CAISAR : vérifier la robustesse basée sur la confiance ?

modèle f

spécification ψ
transformations

f ′

φ

prouveur
valide
invalide
indéterminée

Rappel : la robustesse basée sur la confiance n’est pas supportée par les prouveurs

Enjeux :
1. spécifier la robustesse basée sur la confiance dans CAISAR
2. appliquer des transformations pour la rendre vérifiable (sans modifier les

prouveurs)
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Spécifier la robustesse (globale) basée sur la confiance ?

∀x,x′ ∈ Rn.
n
⋀
i=1
∣xi − x ′i ∣ ≤ εi ∧ conf(f (x)) > κ⇒ class(f (x)) = class(f (x′))

contrainte arithmétique sur
plusieurs variables d’entrée

contrainte d’entrée sur
une variable de sortie

plusieurs exécutions

En quoi s’agissent-t’ils de problèmes ?
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En quoi s’agissent-t’ils de problèmes ?
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Spécifier la robustesse (globale) basée sur la confiance ?

∀x,x′ ∈ Rn.
n
⋀
i=1
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⇒ class(

¬
f (x)) = class(

­
f (x′) )

contrainte arithmétique sur
plusieurs variables d’entrée

contrainte d’entrée sur
une variable de sortie

plusieurs exécutions

En quoi est-ce un problème ?

Spécification et vérification d’hyperpropriétés sur réseaux de neurones, G. Ardouin, M. Alberti, J. Girard-Satabin 12/23



Spécifier la robustesse (globale) basée sur la confiance ?

∀x,x′ ∈ Rn.
n
⋀
i=1

³¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹·¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹µ
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⇒ class(

¬
f (x)) = class(

­
f (x′) )

contrainte arithmétique sur
plusieurs variables d’entrée

contrainte d’entrée sur
une variable de sortie

plusieurs exécutions

non spécifiable dans les outils (VNN-LIB)
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Spécifier la robustesse (globale) basée sur la confiance ?

∀x,x′ ∈ Rn.
n
⋀
i=1
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⇒ class(

¬
f (x)) = class(

­
f (x′) )

contrainte arithmétique sur
plusieurs variables d’entrée

contrainte d’entrée sur
une variable de sortie

plusieurs exécutions

hyperpropriétés non supportées (VNN-LIB)
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Spécifier des hyperpropriétés ?

Hyperpropriété [6] = propriété qui concerne plusieurs exécutions du modèle

spécification : modèle :

x MatMul Add ReLu MatMul Add f (x)

1 spécification VNN-LIB = 1 seul modèle

∀x,x′ ∈ Rn.
n
⋀
i=1
∣xi − x ′i ∣ ≤ εi ∧ conf(f (x)) > κ⇒ class(f (x)) = class(f (x′))

Spécification et vérification d’hyperpropriétés sur réseaux de neurones, G. Ardouin, M. Alberti, J. Girard-Satabin 13/23



Spécifier des hyperpropriétés ?
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Reformulation de la propriété (1)

Début de solution : reformuler la propriété

∀x,x′ ∈ Rn.
n
⋀
i=1
∣xi − x ′i ∣ ≤ εi ∧ conf(f (x)) > κ⇒ class(f (x)) = class(f (x′))
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Reformulation de la propriété (1)

Début de solution : reformuler la propriété

∀x,x′ ∈ Rn.
n
⋀
i=1
∣xi − x ′i ∣ ≤ εi ∧ conf(f (x)) > κ⇒ class(f (x)) = class(f (x′))

⇔

∀x ∈ Rn,∀δ ∈ Rn.
n
⋀
i=1

−εi ≤ δi ≤ εi ∧ conf(f (x)) > κ

⇒ class(f (x)) = class(f (clip(x + δ)))

avec : clip(x + δ) qui ramène x + δ dans le ≪ bon intervalle ≫ (x + δ ∈ Rn)
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Reformulation de la propriété (2)

∀x ∈ Rn,∀δ ∈ Rn.
n
⋀
i=1

−εi ≤ δi ≤ εi ∧ conf(f (x)) > κ

⇒ class(f (x)) = class(f (clip(x + δ)))

⇔

∀x ∈ Rn,∀δ ∈ Rn.
n
⋀
i=1

−εi ≤ δi ≤ εi

⇒ ¬(conf(f (x)) > κ)∨class(f (x)) = class(f (clip(x + δ)))
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Spécification dans CAISAR (WhyML)

∀x ∈ Rn,∀δ ∈ Rn.
n
⋀
i=1

−εi ≤ δi ≤ εi

⇒ ¬(conf(f (x)) > κ) ∨ class(f (x)) = class(f (clip(x + δ)))

Lever les derniers verrous ? → interprétation
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Interprétation de la spécification : confiance ?

conf(f (x)) = max(softmax(f (x)))

. . .

. . .

. . .

. . .

. . .

z1

z2

z3

7.8

4.2

1.3

0.972

0.027

0.001
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Interprétation de la spécification : confiance

conf(f (x)) = max(softmax(f (x)))

modèle f

spécification φ
transformations

g

φ′
prouveur
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Interprétation de la spécification : confiance

conf(f (x)) = max(softmax(f (x)))

modèle f

spécification φ Ô
spécification
interprétée

prouveur

Spécification :
¬(conf(f (x)) > κ)

∀i ∈ {1, . . . ,m}, softmax(f (x))[i] ≤ κ

spécification (interprétée) softmax ∶ vectorÐ→ vector
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Interprétation de la spécification : confiance

conf(f (x)) = max(softmax(f (x)))

modèle f

spécification φ Ô
spécification
interprétée

Ô NIR
prouveur

Modèle :

v1,5

v1,4

v1,3

v1,2

v1,1

v2,5

v2,4

v2,3

v2,2

v2,1

v3,5

v3,4

v3,3

v3,2

v3,1

v4,2

v4,1 NIR

suit le standard ONNX
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Interprétation de la spécification : confiance

conf(f (x)) = max(softmax(f (x)))

modèle f

spécification φ Ô
spécification
interprétée

Ô NIR
prouveur

Spécification :
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f ∶
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Interprétation de la spécification : confiance

conf(f (x)) = max(softmax(f (x)))

modèle f
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interprétée
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Interprétation de la spécification : confiance

conf(f (x)) = max(softmax(f (x)))

modèle f

spécification φ Ô
spécification
interprétée

Ô NIR édition de
graphe

Ô

Ô

g

φ′
prouveur

Spécification :

∀i ∈ {1, . . . ,m}, softmax(f (x))[i] ≤ κ ✗

φ′ ∶ ∀i ∈ {1, . . . ,m}, g(x)[i] ≤ κ ✓

Modèle :

f ∶

g ∶
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Interprétation de la spécification : édition de graphe

Spécification :

∀i ∈ {1, . . . ,m}, softmax(f (x))[i] ≤ κ ✗

∀i ∈ {1, . . . ,m}, g(x)[i] ≤ κ ✓

Modèle :

f ∶

g ∶

Édition de graphe → réduire le problème d’expressivité (spécification ↦ modèle)

Limitation : support des opérateurs ONNX pour un prouveur
→ seulement PyRAT et Maraboupy supportent Softmax
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Interprétation de la spécification : édition de graphe

f

x

MatMul

Add

ReLu

MatMul

Add

f (x)

f

x′

MatMul

Add

ReLu

MatMul

Add

f (x′)

[x δ]T

x

f

Softmax

softmax(f (x)) f (x)

δ

Add

Clip

f

f (clip(x + δ, l,u))

f ′ ([x δ]T)
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Interprétation de la spécification : édition de graphe
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x

MatMul

Add

ReLu

MatMul
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f (x)

f

x′

MatMul

Add

ReLu

MatMul

Add

f (x′)

édition de graphe

(+ reformulation)

f ′

[x δ]T

x

f

Softmax

softmax(f (x)) f (x)

δ

Add

Clip

f

f (clip(x + δ, l,u))
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Évaluation
Différents cas d’usage testés (dont reproduction des résultats de [4])

Cas d’usage industriel : f ∶ [0,1]7 Ð→ R5 (ε = 0.001)
1630 paramètres (justesse : 98%)

κ = 0.999 κ = 0.998 κ = 0.9 κ = 0.8 κ = 0.7 κ = 0.33 κ = 0.32 κ = 0.31 κ = 0.25
Maraboupy � � � � � � � � �

PyRAT ✓(38s) ✓(42s) ✓(25min15) ✓(71min6) � � ✗(26s) ✗(26s) ✗(24s)

✓ = “Valide”, ✗ = “Invalide”, � = Hors temps (2h)

Observations :
∎ preuve de validité difficile pour petits κ
∎ contre-exemples trouvés pour petits κ
∎ passage à l’échelle difficile → #∨ quadratique dans φ′
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Évaluation
Différents cas d’usage testés (dont reproduction des résultats de [4])

Cas d’usage industriel : f ∶ [0,1]7 Ð→ R5 (ε = 0.001)
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Conclusion

Contributions :
∎ mise en évidence des limitations des outils actuels pour la spécification et

vérification de la robustesse basée sur la confiance
∎ méthodes pour contourner ces limitations
∎ support pour la spécification et vérification de cette propriété dans CAISAR

(Maraboupy et PyRAT)

Futurs travaux :
∎ améliorations pour le passage à l’échelle : encoder l’égalité des classes via Argmax
∎ support de nouvelles propriétés basées sur la confiance (fairness, équivalence)
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Site web de CAISAR : https://caisar-platform.com/
Code open-source : https://git.frama-c.com/pub/caisar/

Nous recrutons : https://caisar-platform.com/positions/
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Annexes
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Spécification WhyML (1/4)

Encoder ¬(conf(f (x)) > κ)

1 let function softmax_confidence (m: model)
2 (x: FeatureVector.t) =
3 let output = (m @@ x) in
4 softmax output
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Spécification WhyML (2/4)

1 predicate unconfident_prediction (m: model)
2 (conf_measure: model
3 → FeatureVector.t
4 → FeatureVector.t)
5 (x: FeatureVector.t)
6 (threshold: t)
7 (label_bounds: Label.bounds) =
8 let conf = conf_measure m x in
9 forall i: Label.t. Label.valid label_bounds i →

10 conf[i] .≤ threshold
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Spécification WhyML (3/4)

Encoder class(f (x)) = class(f (x′))

1 predicate same_prediction (label_bounds: Label.bounds)
2 (lbounds: α)
3 (ubounds: α)
4 (m: model)
5 (x: FeatureVector.t)
6 (delta: FeatureVector.t) =
7 forall l: Label.t. Label.valid label_bounds l →
8 let y = clip (x + delta) lbounds ubounds in
9 let pred_x = advises label_bounds m l x in

10 let pred_y = advises label_bounds m l y in
11 (¬ pred_x ∨ pred_y) ∧ (pred_x ∨ ¬ pred_y)
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Spécification WhyML (4/4)

1 predicate confidence globally robust (valid input bounds: FeatureVector.t
2 → bool)
3 (label bounds: Label.bounds)
4 (lbounds: α)
5 (ubounds: α)
6 (len: int)
7 (m: model)
8 (eps: t)
9 (threshold: t)

10 (conf measure: model
11 → FeatureVector.t
12 → FeatureVector.t) =
13 forall x: FeatureVector.t.
14 has length x len →
15 forall delta: FeatureVector.t.
16 has length delta len →
17 valid input bounds x →
18 bounded by epsilon delta eps →
19 unconfident prediction m conf measure x threshold label bounds ∨
20 same prediction label bounds lbounds ubounds m x delta
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Spécification cas d’usage

1 theory GERMAN CREDIT
2
3 use ieee float.Float64
4 use caisar.model.Model
5 use caisar.types.IntWithBounds as Label
6 use caisar.types.Vector
7 use caisar.types.VectorFloat64 as FeatureVector
8 use caisar.confidence.ClassGlobalRobustConf
9 use caisar.confidence.ConfidenceMeasure

10
11 constant model filename: string
12 constant eps: Float64.t
13 constant threshold: Float64.t
14
15 constant label bounds: Label.bounds = Label.{ lower = 0;
16 upper = 1 }
17
18 type bounds = {
19 b0: Float64.t;
20 b1: Float64.t;
21 b2: Float64.t;
22 b3: Float64.t;
23 b4: Float64.t;
24 }

25 constant lbounds: bounds = {
26 b0 = (4.0:t); b1 = (250.0:t); b2 = (1.0:t); b3 = (1.0:t); b4 = (19.0:t);
27 }
28
29 constant ubounds: bounds = {
30 b0 = (72.0:t); b1 = (18424.0:t); b2 = (4.0:t); b3 = (4.0:t); b4 = (75.0:t);
31 }
32
33 predicate valid input bounds (x: FeatureVector.t) =
34 (x[0] .≥ lbounds.b0 ∧ x[0] .≤ ubounds.b0) ∧
35 (x[1] .≥ lbounds.b1 ∧ x[1] .≤ ubounds.b1) ∧
36 (x[2] .≥ lbounds.b2 ∧ x[2] .≤ ubounds.b2) ∧
37 (x[3] .≥ lbounds.b3 ∧ x[3] .≤ ubounds.b3) ∧
38 (x[4] .≥ lbounds.b4 ∧ x[4] .≤ ubounds.b4)
39
40 goal conf global robustness:
41 let nn = read model model filename in
42 let len = 5 in
43 let bounds = (fun x → valid input bounds x) in
44 let conf measure = (fun m x → softmax confidence m x) in
45 confidence globally robust bounds label bounds lbounds ubounds len
46 nn eps threshold conf measure
47
48 end
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Édition du Clip

clip(x, l,u)i =
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

xi si xi ∈ [li ,ui]
li si xi < li
ui si xi > ui

→ clip(x, l,u)i = max(li ,min(xi ,ui))

clip(x, l,u) = ReLU(u − (l + ReLU(u − x))) + l

x

δ

Add Clip

u

l

f
x

δ

Add Add

u

l

AddSub SubReLU ReLU f
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Réécriture softmax
Pour tout z ∈ Rn, i∈ {1, . . . ,n},

softmax(z)i = Sig
⎛
⎝

zi − log
⎛
⎝

n
∑

j=1,j≠i
ezj
⎞
⎠
⎞
⎠

où Sig(x) = 1
1+e−x .

. . . Gather(3)

Gather(4)

Gather(5)

Gather(1)

Gather(2)

Exp ReduceSum

Exp

Exp

Exp

Exp

Exp

Sub

Sub

Sub

Sub

Sub

Log

Log

Log

Log

Log

Sub

Sub

Sub

Sub

Sub

Concat Sig . . .
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Support opérateurs (softmax)

Prover Gather Concat Sub Exp Log ReduceSum Sigmoid
Marabou ✗ ✗ ✓ ✗ ✗ ✗ ✗

Maraboupy ✓ ✓ ✓ ✗ ✗ ✗ ✓

PyRAT ✓ ✓ ✓ ✓ ✓ ✓ ✓

nnenum ✓ ✓ ✓ ✗ ✗ ✗ ✗

abcrown ✗ ✓ ✓ ✗ ✗ ✗ ✗
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VNN-LIB (confiance)
1 (declare−const X 0 Real)
2 (declare−const X 1 Real)
3 (declare−const X 2 Real)
4 (declare−const X 3 Real)
5 (declare−const X 4 Real)
6 (declare−const X 5 Real)
7 (declare−const X 6 Real)
8 (declare−const X 7 Real)
9 (declare−const X 8 Real)

10 (declare−const X 9 Real)
11
12 (declare−const Y 0 Real)
13 (declare−const Y 1 Real)
14 (declare−const Y 2 Real)
15 (declare−const Y 3 Real)
16 (declare−const Y 4 Real)
17 (declare−const Y 5 Real)
18
19 (assert (≥ X 0 4.0))
20 (assert (≤ X 0 72.0))
21 (assert (≥ X 1 250.0))
22 (assert (≤ X 1 18424.0))
23 (assert (≥ X 2 1.0))
24 (assert (≤ X 2 4.0))
25 (assert (≥ X 3 1.0))
26 (assert (≤ X 3 4.0))
27 (assert (≥ X 4 19.0))
28 (assert (≤ X 4 75.0))

29 (assert (≥ X 5 −0.001000000047497451305389404296875))
30 (assert (≤ X 5 0.001000000047497451305389404296875))
31 (assert (≥ X 6 −0.001000000047497451305389404296875))
32 (assert (≤ X 6 0.001000000047497451305389404296875))
33 (assert (≥ X 7 −0.001000000047497451305389404296875))
34 (assert (≤ X 7 0.001000000047497451305389404296875))
35 (assert (≥ X 8 −0.001000000047497451305389404296875))
36 (assert (≤ X 8 0.001000000047497451305389404296875))
37 (assert (≥ X 9 −0.001000000047497451305389404296875))
38 (assert (≤ X 9 0.001000000047497451305389404296875))
39
40 (assert (or (and (≥ Y 0 0.5))
41 (and (≥ Y 1 0.5))
42 ))
43 (assert
44 (or
45 (and (≤ Y 5 Y 4)
46 (≥ Y 3 Y 2))
47 (and (≥ Y 5 Y 4)
48 (≤ Y 3 Y 2))
49 (and (≤ Y 4 Y 5)
50 (≥ Y 2 Y 3))
51 (and (≥ Y 4 Y 5)
52 (≤ Y 2 Y 3))
53 ))
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Évaluation (Athavale)

COMPAS ε = 0.001 ε = 0.01 ε = 0.1 ε = 0.2 ε = 0.3 ε = 0.4 ε = 0.5 ε = 0.6 ε = 0.7 ε = 0.8 ε = 0.9 ε = 1.0
κ = 0.5 ?/ ✓ ?/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓

κ = 0.6 ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓

κ = 0.7 ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓

κ = 0.8 ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ✗/ ✓

κ = 0.9 ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓

German Credit ε = 0.001 ε = 0.01 ε = 0.1 ε = 0.2 ε = 0.3 ε = 0.4 ε = 0.5 ε = 0.6 ε = 0.7 ε = 0.8 ε = 0.9 ε = 1.0
κ = 0.5 ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗

κ = 0.6 ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗

κ = 0.7 ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗ ✓/ ✗

κ = 0.8 ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓

κ = 0.9 ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓

Law School ε = 0.001 ε = 0.01 ε = 0.1 ε = 0.2 ε = 0.3 ε = 0.4 ε = 0.5 ε = 0.6 ε = 0.7 ε = 0.8 ε = 0.9 ε = 1.0
κ = 0.5 ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓

κ = 0.6 ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓

κ = 0.7 ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓

κ = 0.8 ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓

κ = 0.9 ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓

Adult ε = 0.001 ε = 0.01 ε = 0.1 ε = 0.2 ε = 0.3 ε = 0.4 ε = 0.5 ε = 0.6 ε = 0.7 ε = 0.8 ε = 0.9 ε = 1.0
κ = 0.5 ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓ ✗/ ✓

κ = 0.6 ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓

κ = 0.7 ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓

κ = 0.8 ✓/ ✓ ✓/ ✓ ✓/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓ ?/ ✓

κ = 0.9 ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓ ✓/ ✓
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